Abstract. A reductive characterization of arc-transitive circulants was given independently by Kovács in 2004 and the first author in 2005. In this paper, we give an explicit characterization of arc-transitive circulants and their automorphism groups. Based on this, we give a proof of the fact that arc-transitive circulants are all CI-digraphs.
Introduction
Throughout this paper, a digraph is an ordered pair (V, A) with vertex set V and arc set A, where A is a set of ordered pairs of elements of V . The cardinality of the vertex set is called the order of the digraph. A digraph Γ is said to be arc-transitive if its automorphism group Aut(Γ ) acts transitively on the arc set. A digraph Γ is called a circulant if Aut(Γ ) has a finite cyclic subgroup that is regular on the vertex set, and is called a normal circulant if Aut(Γ ) has a finite cyclic subgroup that is normal and regular on the vertex set.
Since the work of Chao and Wells [5, 6] in the 1970's, considerable effort has been made to characterize arc-transitive circulants in the literature. Remarkable results were achieved under certain conditions such as 2-arc-transitivity [1, 20] , square-free order [18] , odd prime-power order [23] , small valency [2] and unit connection set [2] . Based on Schur ring and permutation group techniques, a reductive characterization for connected arctransitive non-normal circulants was obtained independently by Kovács [13] and the first author [17] . Recently, a classification of arc-transitive circulants that are 2-distancetransitive was given in [4] .
In this paper, we give an explicit characterization (Theorem 1.1) of connected arctransitive circulants, which reveals their structures and determines their automorphism groups. In fact, Theorem 1.1 shows that a finite connected arc-transitive circulant can be decomposed into a normal circulant, some complete graphs and an edgeless graph by tensor and lexicographic products.
For digraphs Γ and Σ , their tensor product (direct product) is denoted by Γ × Σ , and their lexicographic product is denoted by Γ [Σ ] (see Section 2 for the definitions of these products). For a positive integer n, denote by S n the symmetric group of degree n, and denote by K n and K n the complete graph and the edgeless graph of order n, respectively. Let C 4 denote an undirected cycle of length 4. Theorem 1.1. For every connected arc-transitive circulant Γ of order n, there exist a connected arc-transitive normal circulant Γ 0 of order n 0 and positive integers n 1 , . . . , n r , b, where r 0, such that the following hold:
(2) n i 4 for i = 1, . . . , r; (3) n = n 0 n 1 · · · n r b, and n 0 , n 1 , . . . , n r are pairwise coprime;
Moreover, Γ is uniquely determined by the triple (Γ 0 , {n 1 , . . . , n r }, b) satisfying the above conditions.
In view of Theorem 1.1 we give the following definition. Definition 1.2. For a connected arc-transitive circulant Γ , a triple (Γ 0 , {n 1 , . . . , n r }, b) of a finite connected arc-transitive normal circulant Γ 0 , a (not necessarily nonempty) set {n 1 , . . . , n r } of integers and a positive integer b satisfying conditions (1)-(5) in Theorem 1.1 is called a tensor-lexicographic decomposition of Γ .
Here are some remarks on Theorem 1.1: (i) The single loop is connected and arc-transitive. On the other hand, if a connected arc-transitive digraph has order at least two, then it has no loop due to the arctransitivity. Thus the circulant Γ 0 in the statement of Theorem 1.1 is a single loop if n 0 = 1 and has no loop if n 0 2. In the former case, the tensor product of Γ 0 with any digraph is isomorphic to the digraph, and hence the digraph Γ described in part (3) of Theorem 1.1 is isomorphic to (
(ii) For each arc-transitive circulant Γ 0 of order n 0 and positive integers n 1 , . . . , n r , b such that n 0 , n 1 , . . . , n r are pairwise coprime, the digraph (
is an arc-transitive circulant by Lemmas 2.1 and 2.2. The condition n i 4 as in (2) of Theorem 1.1 ensures that K n i is a non-normal circulant. If Γ 0 ∼ = C 4 , then since
, we deduce from Lemmas 2.3 and 2.4 that (
To be precise, the statement that "Γ is uniquely determined by the triple (Γ 0 , {n 1 , . . . , n r }, b)" means that if (Γ 0 , {n 1 , . . . , n r }, b) and (Σ 0 , {m 1 , . . . , m s }, c) are two tensor-lexicographic decompositions of Γ then Γ 0 ∼ = Σ 0 , {n 1 , . . . , n r } = {m 1 , . . . , m s } and b = c. Theorem 1.1 shows that every connected arc-transitive circulant has a unique tensorlexicographic decomposition. (iv) Further descriptions of Γ 0 in Theorem 1.1 can be found in Section 3 as it is a connected arc-transitive normal circulant. (v) For any connected arc-transitive circulant Γ , the full automorphism group Aut(Γ ) is explicitly given by part (5) of Theorem 1.1. However, it is a challenging problem to identify arc-transitive subgroups of Aut(Γ ), which is equivalent to characterizing certain permutation groups that contain a regular cyclic subgroup; refer to [19] . (vi) Ignoring the orientations of arcs of the circulants, Theorem 1.1 gives a characterization of edge-transitive undirected circulants. Theorem 1.1 provides an essential tool to study finite arc-transitive circulants. In many situations, the tensor-lexicographic decomposition in Theorem 1.1 reduces a problem on arc-transitive circulants to the problem on normal ones. We shall illustrate this by verifying the following Theorem 1.3 on the CI-property of arc-transitive circulants, which was claimed in [16, Section 7 .3] but did not have any published proof in the literature (to the best of the authors' knowledge).
Given a group G and a nonempty subset S of G, the Cayley digraph of G with connection set S, denoted by Cay(G, S), is the digraph with vertex set G such that a vertex x points to a vertex y if and only if yx −1 ∈ S. It is well known that a digraph Γ = (V, A) is isomorphic to a Cayley digraph of a group G if and only if Aut(Γ ) contains a subgroup that is regular on V and isomorphic to G. Thus a circulant is precisely a Cayley digraph of a finite cyclic group up to isomorphism. A Cayley digraph Cay(G, S) is said to be a CI-digraph (with respect to G) if for each subset T of G with Cay(G, S) ∼ = Cay(G, T ) there exists α ∈ Aut(G) such that T = S α . A Cayley digraph of a cyclic group G that is a CI-digraph with respect to G is called a CI-circulant. Theorem 1.3. Every finite connected arc-transitive circulant is a CI-circulant.
The structure of this paper is as follows. In Section 2 we prove the existence of tensorlexicographic decompositions as described in Theorem 1.1. This is then used, together with some result established in Section 3, to give a proof of Theorem 1.3 in Section 4. Finally, in Section 5, we prove the uniqueness of tensor-lexicographic decompositions, thus completing the proof of Theorem 1.1.
Tensor-lexicographic decompositions
For digraphs Γ = (V 1 , A 1 ) and Σ = (V 2 , A 2 ), the tensor product (direct product) Γ ×Σ is the digraph with vertex set
The following lemma follows immediately from the definition of tensor product of digraphs. 
Proof. Let V be the vertex set of Γ , and let W be the vertex set of
where m = |V |, and let B i = {v i } × W for i = 1, 2, . . . , m. For each α ∈ Aut(Γ ) and
. . , m} and w ∈ W .
, and so
Assume that Γ is arc-transitive. Then Γ is vertex-transitive, and the stabilizer
Now assume that Γ is a (not necessarily arc-transitive) circulant. Then there exists α ∈ Aut(Γ ) such that α is regular on V . Take g ∈ Sym(B 1 ) such that g is regular on B 1 , and let β = (g, 1,
is a circulant, completing the proof.
In this section we shall prove the existence of tensor-lexicographic decompositions as in Theorem 1.1, namely, Proposition 3.3.
Lemma 2.3. Let Γ and Σ be digraphs, and let m be a positive integer.
Proof. Let U and W be the vertex sets of Γ and Σ , respectively, and let ∆ = (V, ∅) be a digraph such that ∆ ∼ = K m . Consider the bijection
Then ψ is a bijection from the vertex set of
and w 1 points to w 2 in Σ ⇐⇒u 1 points to u 2 in Γ and w 1 points to w 2 in Σ
One can easily verify that the lexicographic product of digraphs is associative (see, for example, [11, Proposition 5.11] ). Since K m [K ℓ ] ∼ = K mℓ for all positive integers m and ℓ, we then have the following lemma.
Lemma 2.4. Let Γ be a digraph, and let m and ℓ be positive integers.
For a digraph Γ = (V, A) and a partition P = {B 1 , . . . , B m } of V , denote by Γ /P the digraph with vertex set P such that (B i , B j ) is an arc if and only if there exist u ∈ B i and v ∈ B j with (u, v) ∈ A. If P is a partition whose parts are the orbits of some permutation group N on V , then Γ /P is also written as Γ N . The following result follows from [8, 14, 15] (see [17, Theorem 2.3 
]).
Lemma 2.5. Let Γ be a connected arc-transitive circulant of order n. Then one of the following holds: (a) Aut(Γ ) = X 1 × · · · × X t , where t 1 and for each i ∈ {1, . . . , t} either X i = S n i or X i has a normal regular cyclic subgroup of order n i , such that n 1 , . . . , n t are pairwise coprime and n = n 1 · · · n t ;
We also need the following lemma.
Lemma 2.6. Let Γ be a G-arc-transitive digraph, where G = X × Y is in product action with permutation groups X and Y . Then Γ ∼ = Γ 1 × Γ 2 for some X-arc-transitive digraph Γ 1 and Y -arc-transitive digraph Γ 2 .
Proof. Let X act on U and Y act on W so that Γ has vertex set V := U × W . For a vertex v = (u, w) of Γ with u ∈ U and w ∈ W , the stabilizer of v in G is given by
. Write g = (x, y) with x ∈ X and y ∈ Y , and let
This shows that the (well-defined) map
, which completes the proof.
We are now ready to prove the main result of this section.
Proposition 2.7. Let Γ be a connected arc-transitive circulant of order n. Then there exist a connected arc-transitive normal circulant Γ 0 of order n 0 and positive integers n 1 , . . . , n r , b, where r 0, such that the following hold: (1) Γ 0 ≇ C 4 ; (2) n i 4 for i = 1, . . . , r; (3) n = n 0 n 1 · · · n r b, and n 0 , n 1 , . . . , n r are pairwise coprime;
Proof. For each normal subgroup of Γ , the graph Γ N is a connected arc-transitive circulant, and so Γ N is also described in Lemma 2. 
where for each i ∈ {1, . . . , t} either X i = S n i or X i has a normal regular cyclic subgroup of order n i , such that n 1 , . . . , n t are pairwise coprime and n/b = n 1 · · · n t . Without loss of generality, assume that {1, . . . , r} is the set of i ∈ {1, . . . , t} such that X i has no normal regular cyclic subgroup of order n i . Then X i = S n i with n i 4 for i ∈ {1, . . . , r}, and X i has a normal regular cyclic subgroup of order n i for i ∈ {r+1, . . . , t}. Let n 0 = n r+1 · · · n t and X 0 = X r+1 × · · · × X t . It follows that n/b = n 0 n 1 · · · n r with n 0 , n 1 , . . . , n r pairwise coprime, X 0 has a normal regular cyclic subgroup of order n 0 , and
We then derive from Lemma 2.6 that
for some X 0 -arc-transitive digraph Γ 0 . As a consequence,
This together with (6) and X 0 Aut(Γ 0 ) implies that
and Aut(Γ 0 ) = X 0 . Hence Aut(Γ 0 ) has a normal regular cyclic subgroup of order n 0 , which means that Γ 0 is a normal circulant.
, we derive from Lemmas 2.3 and 2.4 that
contradicting our choice of b. Thus Γ 0 ≇ C 4 . Now that we have obtained a connected arc-transitive normal circulant Γ 0 and positive integers n 1 , . . . , n r , b satisfying (1)-(4), it remains to show that (5) holds. Let P be the partition of the vertex set of Γ consisting of orbits of M, and let K be the kernel of Aut(Γ ) acting on P.
and Aut(Γ )/K Aut(Γ M ). Moreover, by Lemma 2.2 we have
Hence Aut(Γ ) ∼ = S b ≀Aut(Γ M ), which then together with (7) leads to (5), as required.
Normal circulants
Let G be a group. For g ∈ G denote by g the permutation of G such that x g = xg for each x ∈ G. Then G := { g | g ∈ G} is a regular permutation group on G. For a subset S of G, let Aut(G, S) = {α ∈ Aut(G) | S α = S}.
Then G ⋊ Aut(G, S) is a subgroup of N Aut(Γ ) ( G), the normalizer of G in Aut(Γ ), where Γ = Cay(G, S). In fact, we have the following:
Lemma 3.1. ( [10, 22] ) Let Γ = Cay(G, S) be a Cayley digraph of a finite group G.
By Lemma 3.1 we see that if Γ = Cay(G, S) is a connected arc-transitive normal Cayley digraph, then Aut(Γ ) = G ⋊ Aut(G, S), whose stabilizer of the vertex 1 is Aut(G, S). This implies the next lemma. Lemma 3.2. Let Γ = Cay(G, S) be a connected arc-transitive normal Cayley digraph of a finite cyclic group G. Then S consists of generators of G, and Aut(G, S) acts regularly on S.
The "only if" part of the next result is in fact a consequence of Proposition 4.1, Lemma 3.2 and the assertion of Toida's conjecture [21] that every circulant with connection set consisting of generators is CI, which was proved independently in [7] and [12] . Here we give a direct and self-contained proof of this lemma. For a prime number r and a finite cyclic group X, denote the unique Sylow r-subgroup and the unique Hall r ′ -subgroup of X by X r and X r ′ , respectively. Proof. Let Γ = Cay(G, S) be a connected arc-transitive Cayley digraph of a finite cyclic group G. If Aut(Γ ) contains a unique regular cyclic group, then every conjugate of G in Aut(Γ ) is equal to G, and so G is normal in Aut(Γ ). Conversely, suppose that G is normal in Aut(Γ ). Write N = G. Then since N is regular normal subgroup of Aut(Γ ) and N is cyclic, we obtain C Aut(Γ ) (N) = N. By Lemma 3.1 we have Aut(Γ ) = N ⋊ Aut(G, S). Let H be a regular cyclic subgroup of Aut(Γ ). Suppose towards a contradiction that H = N. Take p to be the largest prime number such that H p = N p and take h to be an arbitrary element of H p \ N p . Then h / ∈ N = C Aut(Γ ) (N). Consider an arbitrary prime divisor q of |N| such that h / ∈ C Aut(Γ ) (N q ). Since h ∈ H p and h induces a nontrivial automorphism of N q ∼ = Z |Nq| , we deduce that p divides |Aut(Z |Nq| )|. Accordingly, p q. If p < q, then H q = N q and hence
a contradiction. Thus p = q, which shows that h ∈ C Aut(Γ ) (N p ′ ). Now h is an element of Aut(Γ ) = N ⋊ Aut(G, S) with order a p-power and conjugation action trivial on N p ′ but nontrivial on N. Write h = kα with k ∈ N and α ∈ Aut(G, S). Since for each g ∈ G the conjugate of g by h = kα is g α , it follows that α is a nonidentity element with order a p-power such that
, we may then write α = (β, 1) with β ∈ Aut(G p ) such that β has order p ℓ for some positive integer ℓ. Let |G p | = p m . Then we have m > 1. Suppose p > 2. Let γ be the automorphism of G p sending g to g p m−1 +1 for all g ∈ G p . Then γ has order p. Since Aut(G p ) is cyclic and β is an element of Aut(G p ) of order p ℓ , it follows that γ ∈ β and so (γ, 1) ∈ α Aut(G, S). Take an arbitrary s ∈ S and write s = ab with a ∈ G p and b ∈ G p ′ . By Lemma 3.2 we know that s generates G, whence a generates G p . For j ∈ {0, 1, . . . , p − 1}, as (p m−1 + 1) j ≡ jp m−1 + 1 (mod p m ), we derive that
Hence sP ⊆ S, where P = a p m−1 is the unique subgroup of order p in G. This shows that S is a union of cosets of P in G. Hence Γ = Σ [K p ] for some digraph Σ , and it follows that Aut(Γ ) S p ≀ Aut(Σ ). This implies that N = G is not normal in Aut(Γ ), a contradiction. Now p = 2. Let σ and δ be the automorphisms of G 2 such that g σ = g −1 and
. Take an arbitrary s ∈ S and write s = ab with a ∈ G 2 and b ∈ G 2 ′ . As Lemma 3.2 asserts, s generates G, whence a generates G 2 . Note that (5 2 m−3 − 1) 2 = 2 m−1 . Since
we then obtain sP ⊆ S, where P = a 2 m−1 is the unique subgroup of order 2 in G. This shows that S is a union of cosets of P in G. Hence Γ = Σ [K 2 ] for some digraph Σ , and it follows that Aut(Γ ) S p ≀ Aut(Σ ). This implies that Σ ∼ = K 2 as N = G is normal in Aut(Γ ). However, it follows that Γ ∼ = C 4 , in which case Aut(Γ ) has a unique regular cyclic subgroup, contradicting our assumption that H = N. Then since h = kα = k(β,
Note that H 2 ∩ N 2 is centralized by both H 2 and N 2 . It follows that H 2 ∩ N 2 is centralized by H 2 N 2 = N 2 ⋊ σ . In particular, ρ 2 commutes with σ, which means that ρ −2 = ρ 2 . Hence m = 2 and N 2 ⋊ σ ∼ = D 8 . However, D 8 has a unique cyclic subgroup of order 4. This leads to H 2 = N 2 , a contradiction.
Next assume that (ii) occurs. Since N ⋊ σδ 
CI-property of arc-transitive circulants
In this section we prove that every finite connected arc-transitive circulant is a CIdigraph, thus verifying Theorem 1.3. The following lemma is also needed in this section. Lemma 4.2. Let G be a cyclic transitive subgroup of Sym(Ω) × Sym(∆) acting on Ω × ∆ by product action, where |Ω| and |∆| are coprime. Then there exist regular cyclic subgroups H and K of Sym(Ω) and Sym(∆), respectively, such that G = H × K.
Proof. Let G 1 = G∩Sym(Ω) and G 2 = G∩Sym(∆), and let G 1 and G 2 be the projections of G to Sym(Ω) and Sym(∆), respectively. Then
Since G is a cyclic subgroup transitive on Ω × ∆ by product action, we see that G 1 is a cyclic transitive subgroup of Sym(Ω) and G 2 is a cyclic transitive subgroup of Sym(∆). Note that every abelian transitive permutation group is regular. It follows that G 1 and G 2 are regular, and so |G 1 | = |Ω| and |G 2 | = |∆| are coprime. Then we derive from
Therefore, taking H = G 1 and K = G 2 gives the lemma.
For a digraph Γ , denote by V (Γ ) the vertex set of Γ .
Proof of Theorem 1.3. Let Γ = Cay(G, S) be a connected arc-transitive digraph of a finite cyclic group G. By virtue of Lemma 4.1 it suffices to prove that each regular cyclic subgroup H of Aut(Γ ) is conjugate to G.
By Proposition 2.7, Γ has a tensor-lexicographic decomposition (Γ 0 , {n 1 , . . . , n r }, b). , and so there exist h ∈ H, α ∈ G and σ ∈ Aut(Σ ) such that H = h , G = α and ϕ(α) = ϕ(h σ ). Since h and α are (mb)-cycles, we may write α = (α 1 , . . . , α mb ) and h σ = (β 1 , . . . , β mb ) with V (Γ ) = {α 1 , . . . , α mb } = {β 1 , . . . , β mb } and
is a regular cyclic subgroup of Aut(Σ ), the permutation ϕ(α) of V (Σ ) is an m-cycle. Thereby we derive from the conditions α 1 = β 1 and ϕ(α) = ϕ(h σ ) that α i+mj = β i+mj for all i ∈ {1, . . . , m} and j ∈ {0, 1, . . . , b − 1}. This shows that
for i = 1, . . . , m, and so these are the m orbits of N on V (Γ ). Since N = S Proof. Let Γ = (V, A) , and let G = Aut(Γ ). For v ∈ V , let
Then the sets B(v) with v ∈ V form a G-invariant partition
Since G is transitive on V and Γ is R-thick, we have
Since Γ has no loop, the R-thickness of Γ implies that there is no arc between vertices in the same part B i for any i. For i, j ∈ {1, 2, . . . , k}, if there is an arc (u, v) of Γ with u ∈ B i and v ∈ B j , then as Γ is R-thick, each vertex in B i points to all vertices of B j . This shows that
, where Σ = Γ /P, proving part (a). To prove part (b), suppose for a contradiction that Γ is a normal Cayley digraph of a group G with |G| 5. Take w ∈ G such that 1 and w are distinct vertices in the same part of the partition P. Then the transposition τ swapping 1 and w is an automorphism of Γ . Take x ∈ G \ {1, w}. As |x(G \ {1, w})| = |G \ {1, w}| = |G| − 2 3, there exists y ∈ G \ {1, w} such that xy / ∈ {1, w}. Then x, y and xy are all fixed by τ . Since Γ is a normal Cayley digraph of G, Lemma 3.1 implies that the automorphism τ of Γ can be written as τ = gα, where g is the right multiplication by g ∈ G and α ∈ Aut(G). It follows that
and hence (xy) τ g = x τ g y τ g . However,
which yields xyg = (xg)(yg), or equivalently, g = 1. This implies that τ = α and so w = 1 τ = 1 α = 1, a contradiction. Thus part (b) holds. Finally, assume that Γ is a normal circulant of order n with nonempty arc set. Then n = kb with b 2. If k = 1, then Γ ∼ = K b has an empty arc set, a contradiction. Thus k 2 and hence n = kb 4. This together with part (b) gives n = 4. As Γ is an R-thick normal circulant with no loop, we then conclude that Γ ∼ = C 4 , as part (c) asserts. Thereby we obtain Cay(Z n 0 × Z n 1 × · · · × Z nr , S × (Z n 1 \ {0}) × · · · × (Z nr \ {0})) ∼ =Γ 1 ∼ = Γ 2 ∼ = Cay(Z n 0 × Z n 1 × · · · × Z nr , T × (Z n 1 \ {0}) × · · · × (Z nr \ {0})), whence there exists ϕ ∈ Aut(Z n 0 × Z n 1 × · · · × Z nr ) such that (S × (Z n 1 \ {0}) × · · · × (Z nr \ {0})) ϕ = T × (Z n 1 \ {0}) × · · · × (Z nr \ {0}).
As n 0 , n 1 , . . . , n r are pairwise coprime, we conclude that S ϕ 0 = T for some ϕ 0 ∈ Aut(Z n 0 ). This implies that Γ 0 = Cay(Z n 0 , S) ∼ = Cay(Z n 0 , T ) = Σ 0 , as desired.
